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Abstract.
We consider a low energy neutrino factory setup with a detector placed at a distance of 2540 km. At this baseline, for both

normal and inverted hierarchical neutrino mass spectrum, the wrong-sign muon event spectrum is almost independent of CP
phaseδ and the mixing angleθ13 in a specific energy window. This leads to an unambiguous determination of the hierarchy.
In addition, a part of the muon spectrum remain sensitive toδ andθ13, so that the same setup can be used to probe these
parameters as well using a broadband beam.
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INTRODUCTION

The past and present neutrino oscillation experiments
have established that neutrinos have mass and there is
mixing between the three flavours. The oscillation exper-
iments have measured the two independent mass squared
differences as∆m2

21∼ 7.5×10−5 eV2 and∆m2
31∼ 2.3×

10−3 eV2; the two mixing angles as sin2 θ12 ∼ 1/3,
sin2 θ23 = π/4. The third mixing angle is bounded as
sin2 θ13 < 0.056 at 3σ . The imminent goals are to de-
termine the value of the third mixing angleθ13, the sign
of |∆m2

31| commonly known as neutrino mass hierarchy
and the CP violation in the lepton sector.

The oscillation probabilityPµe or Peµ which is respon-
sible for the wrong sign muon signal in a neutrino fac-
tory is sensitive to all the three parameters listed above
and hence it was hailed as the ’Golden Channel’. How-
ever this probability also contains the CP-phase which is
completely undetermined. This gives rise to degenerate
solutions posing problems in the unambiguous determi-
nation of the other oscillation parameters. A solution to
this problem is to have the detector at∼ 7500 km the so
called“the magic baseline” [1]) from the source, where
the effect of CP violation vanishes for both the hierar-
chies. However, a detector at this baseline then has no
handle on the CP phase. Moreover an experiment at the
magic baseline requires a powerful beam and a strong
collimation to have sufficient flux at the detector. Also
to determine the CP phase one needs to design another
experiment at a different baseline. The ideal situation
would be to have a shorter baseline where the effect
of CP phase in determination of hierarchy andθ13 can
somehow be evaded in a particular window of the en-

ergy spectrum. At the same time one can possibly use
another energy window at the same baseline to probe CP
violation andθ13. In the context of aνµ superbeam, it
was recently proposed in [2] that the baseline of 2540
km fulfills the above criterion for IH at a neutrino en-
ergy of 3.3 GeV and a narrow band neutrino beam was
therefore deemed desirable. In a subsequent paper [3] it
was shown that this baselinealso obeys the required con-
dition for NH, at the energy 1.9 GeV. The two energies
at which the no-CP condition is satisfied were termed
as magic energies, and the baseline was referred to as
“bimagic”. It is really remarkable that the bi-magic base-
line 2540 km also happens to be close to the distance
between Brookhaven and Homestake [4], as well as that
between CERN and Pyhasalmi mine [5], which is one
of the proposed sites for the LENA detector. Probing the
three hitherto unknown parameters at this baseline de-
mands a a broadband beam covering the range 1–4 GeV.
Such beams can be obtained from a low energy neutrino
factory (LENF) with a muon energy of 5 GeV [6]. Be-
cause of the bi-magic property a single polarity beam
woulld suffice in determination of all three parameters.

THE BI-MAGIC BASELINE

The source beam from a neutrino factory that accelerates
µ+ consists ofν̄µ andνe. Charged current interactions
at the detector can give muons in two ways: the orig-
inal ν̄µ that survive as̄νµ give µ+ (right-sign muons)
while the originalνe that oscillate toνµ giveµ− (wrong-
sign muons). Assuming constant matter density, the os-
cillation probabilityPνe→νµ , relevant for the wrong-sign



muon signal, can be written as [7]

Peµ = 4s2
13s2

23
sin2 [(1− Â)∆]

(1− Â)2
+ α2sin22θ12c2

23
sin2 Â∆

Â2

+2αs13sin2θ12sin2θ23cos(∆− δCP)×
sinÂ∆

Â

sin[(1− Â)∆]

(1− Â)
, (1)

keeping terms up to second order inα ≡ ∆m2
21/∆m2

31 and
s13. Heresi j ≡ sinθi j , ci j ≡ cosθi j . Also,

Â ≡ 2
√

2GF neEν/∆m2
31 , ∆ ≡ ∆m2

31L/(4Eν) , (2)

whereGF is the Fermi constant andne is the electron
number density. For neutrinos, the signs ofÂ and∆ are
positive for normal hierarchy and negative for inverted
hierarchy.Â picks up an extra negative sign for anti-
neutrinos. The last term in Eq. (1) is responsible for the
hierarchy degeneracy due toδCP [8]. There are two ways
to evade this problem: (i) to have sin(Â∆) = 0 or (ii)
sin[(1− Â)∆] = 0. The first condition is satisfied at the
magic baseline (L ∼ 7500 km) for allEν and for both
the hierarchies. The second condition, on the other hand,
depends on hierarchy. This dependence can be utilized to
our advantage if we demand sin[(1− Â)∆] = 0 for one of
the hierarchies and sin[(1− Â)∆] = ±1 for the other.

In such a situation, only theO(α2) term in Eq. (1)
survives for the hierarchy for which sin[(1− Â)∆] = 0,
making Peµ independent of bothδCP and θ13. At the
same time, for the other hierarchy the first term in Eq. (1)
enhances the number of events as well asθ13 sensitivity,
and the third term enhances the sensitivity toδCP. If we
demand “IH-noCP” (no sensitivity to CP phase in IH),
these conditions imply

(1+ |Â|) · |∆| = nπ for IH , (3)

(1−|Â|) · |∆| = (m−1/2)π for NH , (4)

wheren,m are integers,n > 0. These two conditions are
exactly satisfied at a particular baseline and energy, given
by

ρL(km g/cc) ≈ (n−m+1/2)×16300, (5)

Eν(GeV) =
4
5

∆m2
31(eV2)L(km)

(n + m−1/2)
. (6)

Note that the relevantL is independent of any oscillation
parameters. A viable solution for these set of equations
(with n = 1 andm = 1) is L ≈ 2540 km,ρ = 3.2 g/cc
and Eν ≡ EIH ≈ 3.3 GeV, as was first pointed out in
[2]. On the other hand, one may demand “NH-noCP”
(no sensitivity to CP phase in NH), which leads to the
conditions

(1−|Â|) · |∆| = nπ for NH , (7)

(1+ |Â|) · |∆| = (m−1/2)π for IH , (8)
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FIGURE 1. The conversion probabilityPeµ for L = 2540 km.
The bands are forδCP∈ (0,2π). Other parameters are taken as
∆m2

21 = 7.65×10−5 eV2, |∆m2
31|= 0.0024 eV2, sin2θ12 = 0.3

and sin2 θ12 = 0.5. The red (solid) line corresponds toθ13 = 0.

th n,m integers,n 6= 0 andm > 0. These lead to the
same condition onL as in Eq. (5) except for an overall
negative sign, whileEν continues to be given by Eq. (6).
These conditions are also satisfied atL = 2540 km (for
n = 1 andm = 2) at Eν ≡ ENH ≈ 1.9 GeV. The magic
energiesEIH andENH can be obtained from a neutrino
beam originating from a parent muon of energy 5 GeV at
a neutrino factory.

Fig. 1 shows the probabilityPeµ for sin2 θ13 = 0,0.01.
In this and all other plots, we have solved the exact neu-
trino propagation equation numerically using the Prelim-
inary Reference Earth Model [9]. Clearly the IH-noCP
and NH-noCP conditions are satisfied at the energiesEIH
andENH, respectively. AtEIH , the probabilitiesPeµ for
NH and IH are distinct, hence a measurement of the neu-
trino spectrum around this energy can help in a clean dis-
tinction between the hierarchies. The oscillatory nature
of Peµ for non-zeroθ13 vis-a-vis the monotonic behav-
ior for θ13 = 0 helps in the discovery of a nonzeroθ13.
Finally, the significant widths of the bands (nearEIH for
NH, and nearENH for IH) imply sensitivity toδCP.

The simplified forms of probabilities at the magic
energies offer insights into the CP sensitivity at this
baseline. AtEIH , we have

Peµ(IH) ≈ 18α2s2
12c2

12c2
23 ,

Peµ(NH) ≈ 18α2s2
12c2

12c2
23+9s2

13s
2
23

−18
√

2αs12c12s23c23s13cos(δCP+ π/4) , (9)

while atENH, we have

Peµ(NH) ≈ 50α2s2
12c2

12c2
23 ,

Peµ(IH) ≈ 50α2s2
12c2

12c2
23+(25/9)s2

13s
2
23

−(50
√

2/3)αs12c12s23c23s13cos(δCP+ π/4) .(10)

Near the magic energies, where the CP sensitivity is the
highest, theδCP values giving the highest and the lowest
probabilities would be 3π/4 and 7π/4, respectively.



Results

We use a 25 kt magnetized totally active scintillator
detector (TASD) with an energy threshold of 1 GeV. The
parent muon energy is taken as 5 GeV with the number of
useful muon decays as 5×1021 per year. We consider the
running with only one polarityµ+ of the parent muon,
so that we have a neutrino flux consisting ofν̄µ and
νe. We assume a muon detection efficiency of 94% for
energies above 1 GeV, 10% energy resolution for the
whole energy range up to 5 GeV and a background level
of 10−3 for theνe → νµ andν̄µ → ν̄µ channels. A 2.5%
normalization error and 0.01% calibration error, both for
throughout this study. The detector characteristics have
been simulated by GLoBES [10].

Mass hierarchy determination.— Fig. 2 shows the hi-
erarchy sensitivity of the bimagic neutrino factory setup.
For each pair of sin2 θ13(true)–δCP(true), we obtainχ2

min
by marginalizing over other parameters. We have taken
4% error on each of∆m2

21 andθ12, and 5% error on each
of θ23 and∆m2

31, for calculating the priors.δCP has been
varied over(0,2π). A 2% error has also been considered
on the earth matter profile and marginalized over.

The contours in Fig. 2 suggest that if the true hierarchy
is NH, then for favorable values ofδCP, an exposure of
≈ 3×1023 muons×kt may determine the hierarchy at 3σ
even for sin2 θ13 ∼ 3×10−5. If the true hierarchy is IH
then that can be established at 3σ for sin2 θ13 >∼ 3×10−4.

θ13 and δCP measurement.— The top panel of Fig. 3
shows that the exposure of≈ 3×1023 muons×kt will be
able to discover a nonzeroθ13 to 3σ as long as sin2 θ13 >∼
10−3 for either hierarchy and for anyδCP value. For NH
andδCP≈ 3π/4, the discovery ofθ13 is possible even for
sin2 θ13 as low as 3×10−5.

The bottom panel of Fig. 3 shows theδCP discovery
reach with this setup. It shows that the exposure allows
the discovery of nonzeroδCP for NH for sin2 θ13 as low
as 10−4, as long asδCP ≈ 3π/4. This is theδCP value
at which we expect the highest deviation in the events

0

 

π/2

 

π
 

3π/2

 

2π

 1e-05  0.0001  0.001  0.01  0.1

δ C
P
(t

ru
e)

sin2θ13(true)

NH

IH

hierarchy
sensitivity

FIGURE 2. The 3σ hierarchy sensitivity contours. For pa-
rameters to the right of the contours, hierarchy can be deter-
mined.

spectrum fromδCP = 0, as indicated by Eqs. (9) and
(10). For IH, the results are about one order of magnitude
worse than those for NH.
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FIGURE 3. The 3σ discovery contours forθ13 (upper panel)
and CP violating phaseδCP (lower panel). The true hierarchies
are as indicated.


