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INTRODUCTION

Quasi-degenerate Neutrinos: An allowed possibility

Experiments over the years have revealed that Neutrino mass hierarchy is

milder compared to quarks, and the extreme case of all neutrinos being

quasidegenerate is still an allowed possibility.

Present information from Non-oscillation experiments

Experiments Parameter probed Present Bounds

β-decay mβ =
√

Σi |Uei |2m2
i < 2 eV

0νββ mee = ΣiU
2
eimi < (0.19 - 0.68) eV

Cosmology mcosmo = Σimi < (0.3 - 2) eV

All the neutrinos may have a quasi-degenerate mass

(m1 ≃ m2 ≃ m3 ≡ m0) in the range of m0 ∼ 0.1− 0.7 eV.
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INTRODUCTION

Large Neutrino Mixing: A consequence of Quasi-degeneracy

Neutrino Oscillation experiments have also revealed that two of the

neutrino mixing angles are large as opposed to the small quark mixing

angles.

Large mixing angles become quite natural if neutrinos are almost

degenerate.

They remain undefined in the exact degenerate limit.

A small perturbation that leads to differences in neutrino masses can also

stabilize all/some of the mixing angles to large values.
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INTRODUCTION

Large Neutrino Mixing: A consequence of Quasi-degeneracy

Neutrino Oscillation experiments have also revealed that two of the

neutrino mixing angles are large as opposed to the small quark mixing

angles.

Large mixing angles become quite natural if neutrinos are almost

degenerate.

They remain undefined in the exact degenerate limit.

A small perturbation that leads to differences in neutrino masses can also

stabilize all/some of the mixing angles to large values.

So the theory which predicts quasi-degeneracy, has a built-in mechanism

to explain large mixing angles.
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INTRODUCTION

SO(10) Models of Neutrino Masses:

SO(10) models provide a natural framework for understanding neutrino

masses because of the seesaw mechanisms inherent in them.

Neutrino masses arise in these models from two separate sources either

from the vev of left-handed triplet (type-II) or from the right-handed

triplet (type-I) Higgs.
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INTRODUCTION

SO(10) Models of Neutrino Masses:

SO(10) models provide a natural framework for understanding neutrino

masses because of the seesaw mechanisms inherent in them.

Neutrino masses arise in these models from two separate sources either

from the vev of left-handed triplet (type-II) or from the right-handed

triplet (type-I) Higgs.

Apart from gauge coupling unification, SO(10) also unifies quarks and

leptons at high scale and hence provides common and attractive platform

to study the dissimilarities between quarks and leptons.

Furthermore, the renormalizable models based on SO(10) gauge group

are quite powerful in constraining the fermion mass structure.
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Features of SO(10)

Fermion Masses in SO(10)
Yukawa interactions in renormalizable SUSY SO(10) are

LY = 16i [Hij10 + Fij126 + Gij120] 16j + h.c.
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Features of SO(10)

Fermion Masses in SO(10)
Yukawa interactions in renormalizable SUSY SO(10) are

LY = 16i [Hij10 + Fij126 + Gij120] 16j + h.c.

Decomposition under Pati-Salam (SU(4)PS × SU(2)L × SU(2)R)

16 = (4, 2, 1) + (4, 1, 2)

10 = (1, 2, 2) + (6, 1, 1)

120 = (1, 2, 2) + (6, 3, 1) + (6, 1, 3) + (15, 2, 2) + (10, 1, 1) + (10, 1, 1)

126 = (10, 1, 3) + (10, 3, 1) + (15, 2, 2) + (6, 1, 1)

Starting from SO(10), an effective MSSM is obtained by assuming that

only two appropriate linear combinations of these Higgs doublets (red

colored) remain light and are responsible for Fermion masses.

VEV of SU(2)R(SU(2)L) triplet (blue colored) generates light neutrino

masses by type-I(type-II) seesaw mechanism.
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Features of SO(10)

Fermion Masses in SO(10)
After EWSB, the mass Lagrangian of the model is

−Lmass = f LMf fR + νLMDνR +
1

2
νLMLν

c
L +

1

2
νcRMRνR + h.c.
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Features of SO(10)

Fermion Masses in SO(10)
After EWSB, the mass Lagrangian of the model is

−Lmass = f LMf fR + νLMDνR +
1

2
νLMLν

c
L +

1

2
νcRMRνR + h.c.

The final fermion mass relations can suitably written as,

Md = H + F + G , Mu = r(H + s F + tu G),

Ml = H − 3F + tlG , MD = r(H − 3s F + tD G),

ML = rL F , MR = r
−1
R F ,

The light neutrino mass matrix is given by,

Mν = rLF − rRMDF
−1

M
T
D ≡ MII

ν +MI
ν
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Quasidegenerate neutrinos in SO(10)

Ways to obtain quasi-degenerate neutrinos:

1 Some flavor symmetry leads to degenerate type-II contribution, and its

breaking in the Dirac neutrino masses then leads to departure from

degeneracy through type-I contribution. [Caldwell, Mohapatra(1993); Joshipura(1994);

Petcov, Smirnov(1994); Ioannisian, Valle(1994); Lee, Mohapatra(1994)]

=⇒ realizable only if type-II dominates, which is not always the case.
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Quasidegenerate neutrinos in SO(10)

Ways to obtain quasi-degenerate neutrinos:

1 Some flavor symmetry leads to degenerate type-II contribution, and its

breaking in the Dirac neutrino masses then leads to departure from

degeneracy through type-I contribution. [Caldwell, Mohapatra(1993); Joshipura(1994);

Petcov, Smirnov(1994); Ioannisian, Valle(1994); Lee, Mohapatra(1994)]

=⇒ realizable only if type-II dominates, which is not always the case.

2 Both degeneracy and its breaking arise from a single source, namely

type-I seesaw.

=⇒ requires a peculiar structure for MR which can arise from

“Dirac Screening” [Lindner, Schmidt and Smirnov (2005)] OR

Application of the Minimal Flavor Violation (MFV) hypothesis

to the lepton sector. [Joshipura, Patel and Vempati (2010)]
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Quasidegenerate neutrinos from MFV

Quasi-degenerate neutrinos through type-I seesaw:

Generalization of the MFV principle to the leptonic sector.

Assuming the flavor symmetry GF at high scale

GF ≡ O(3)l ×O(3)e × O(3)ν × U(1)R

Symmetry decides the structure of MR .

mD = υyD ,

MR = ΛyT
D

(

c0 + c1yly
T
l + d1y

∗
l y

†
l + d2(yDy

†
D + y

∗
Dy

T
D ) + ...

)

yD .
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Quasidegenerate neutrinos from MFV

Quasi-degenerate neutrinos through type-I seesaw:

Generalization of the MFV principle to the leptonic sector.

Assuming the flavor symmetry GF at high scale

GF ≡ O(3)l ×O(3)e × O(3)ν × U(1)R

Symmetry decides the structure of MR .

mD = υyD ,

MR = ΛyT
D

(

c0 + c1yly
T
l + d1y

∗
l y

†
l + d2(yDy

†
D + y

∗
Dy

T
D ) + ...

)

yD .

The light neutrino mass term is then given by:

Mν ≡ mDM
−1
R m

T
D ,

≈ m0

(

1−
c1

c0
yly

T
l −

d1

c0
y
∗
l y

†
l −

d2

c0
(yDy

†
D + y

∗
Dy

T
D ) + ....

)

.
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Quasidegenerate neutrinos from MFV

Quasi-degenerate neutrinos through type-I seesaw:

Generalization of the MFV principle to the leptonic sector.

Assuming the flavor symmetry GF at high scale

GF ≡ O(3)l ×O(3)e × O(3)ν × U(1)R

Symmetry decides the structure of MR .

mD = υyD ,

MR = ΛyT
D

(

c0 + c1yly
T
l + d1y

∗
l y

†
l + d2(yDy

†
D + y

∗
Dy

T
D ) + ...

)

yD .

The light neutrino mass term is then given by:

Mν ≡ mDM
−1
R m

T
D ,

≈ m0

(

1−
c1

c0
yly

T
l −

d1

c0
y
∗
l y

†
l −

d2

c0
(yDy

†
D + y

∗
Dy

T
D ) + ....

)

.

mD and MR can be simultaneously hierarchical yet result into (almost)

degenerate spectrum after the seesaw mechanism.
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Quasidegenerate neutrinos in SO(10)

ANSATZ
Following this general framework, A quasi-degenerate neutrino spectrum in

SO(10) can be obtained by imposing

F = a H
2

MI
ν = rRMDF

−1
M

T
D

MD = r(H − 3s F + tD G)

In the diagonal basis of H : H → DH , F = H2 → DH V ∗ DH .

MI
ν =

rRr
2

a
(V − 6s a DH + tD (GD−1

H V − VD
−1
H G) +O(s2, t2D))

In the limit s, tD → 0, Neutrinos are degenerate.

(In fact, small s, tD are required by charged fermion mass spectrum)
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ANSATZ

Implications of ansatz F ∼ H2:

In the limit of dominant contribution from H (10-plet Higgs),

Correct b − τ unification is obtained which is favored by the

data extrapolated at GUT scale.

CKM matrix is unity.

Lepton mixing angles are determined from the diagonalization

of symmetric unitary matrix V , which are θ23 = φ, θ12 =
θ

2

and θ13 = 0.

Thus ansatz can lead to correct description of the quark and leptonic

mixing angles to zeroth order.

Further, the contributions from 126 and 120-plets induce nonzero quark

mixing angles & correct mass spectrum of light fermions.
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NUMERICAL ANALYSIS: Type-I seesaw

Numerical fits with ansatz F ∼ H2:

We do the χ2 fitting to check the viability of the model.

We construct

χ2(αj )=
∑

i

(

Xi (αj )− Oi

σi

)2

Where,

Xi are the fermion masses and mixing as complex nonlinear functions of

parameters αj calculated from the given model at GUT scale.

Oi (σi ) are the input mean values(1σ errors) of respective masses and

mixing angles evaluated at MGUT=2× 1016 GeV for tanβ=10.

The effect of RG evolution in neutrino mass matrix is included.

Then χ2 is minimized using algorithm based on the numerical nonlinear

optimizations.
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NUMERICAL ANALYSIS: Type-I seesaw
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NUMERICAL ANALYSIS: Type-I seesaw

Results :

Obtained the best fit value of χ2 = 2.04

All the 16 observables are fitted within . 0.9σ.
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NUMERICAL ANALYSIS: Type-I seesaw

Results :

Obtained the best fit value of χ2 = 2.04

All the 16 observables are fitted within . 0.9σ.

Predictions from the best fit solution :

θ13 becomes nonzero but remains small sin2θ13 = 0.02.

(However, almost the entire allowed range in θ13 is found compatible in

other solutions.)

The best fit solution predicts large CP violating leptonic phases

(δPMNS , α1, α2) ≈ (54o , 147o ,−90o)

m0 is determined using the observed value of ∆m2
atm.

m0 = 0.31eV ≫ ∆m
2
atm

The m0 determine the heaviest RH neutrino mass scale

M3 ≈ m
2
t /m0 ≈ 1.3× 1013GeV
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MODEL

Model from Flavor Symmetry to obtain F ∼ H2:

Complete Symmetry Group: G ≡ SO(10)× O(3)× U(1)

Original Fields: ψ(16, 3, x), φ10(10, 1,−(x + y)), φ126(126, 1,−2y)

Additional Fields: ΨV (16, 3, y), ΨV (16, 3,−y), η(1, 5,− 1
2
(x + y))
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MODEL

Model from Flavor Symmetry to obtain F ∼ H2:

Complete Symmetry Group: G ≡ SO(10)× O(3)× U(1)

Original Fields: ψ(16, 3, x), φ10(10, 1,−(x + y)), φ126(126, 1,−2y)

Additional Fields: ΨV (16, 3, y), ΨV (16, 3,−y), η(1, 5,− 1
2
(x + y))

The general superpotential invariant under G is

W = MΨVΨV + βΨVΨVφ126 + γΨVψφ10 +
δ

MP

ΨV η
2ψ +

δ′

MP

Trη2ΨVψ + .....

The effective theory after integration of heavy vector-like field is

Weff ≈ βψξ2ψφ126 + γψξψφ10

where,

ξab ≡
δ

MMP

(η2ab +
δ′

δ
Trη2δab)
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MODEL

Model from Flavor Symmetry to obtain F ∼ H2:

The vev of flavon field η breaks the symmetry

SO(10)× O(3)× U(1) −→ SO(10)

and the Yukawa couplings structure F ∼ H2.

The coupling to the 120 field can be generated by introducing a flavon

field χ with the U(1) charge -2x and transforming as a triplet of O(3).

This leads to the Yukawa coupling matrix G through the coupling

ψ
χ

MP

ψφ120
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NUMERICAL ANALYSIS: Type-II seesaw

Type-II dominated quasi-degenerate neutrino spectrum:

A degenerate neutrino can be obtained with ansatz F = c0I .

[Ioannisian, Valle(1994); Lee, Mohapatra(1994)]

Further, the departure from degeneracy is induced by type-I seesaw.

We do the numerical analysis to check the viability of such ansatz with

entire fermionic spectrum.
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NUMERICAL ANALYSIS: Type-II seesaw

Type-II dominated quasi-degenerate neutrino spectrum:

A degenerate neutrino can be obtained with ansatz F = c0I .

[Ioannisian, Valle(1994); Lee, Mohapatra(1994)]

Further, the departure from degeneracy is induced by type-I seesaw.

We do the numerical analysis to check the viability of such ansatz with

entire fermionic spectrum.

Results :
Best fit solution: χ2 = 6.0

(All observables (except ms , mb) are fitted within 1σ)

Predictions: mo = 0.36 eV, sin2θ13 = 0.036, CPV Phases=(−25o ,138o ,−33o)
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NUMERICAL ANALYSIS: Type-II seesaw

Type-II dominated quasi-degenerate neutrino spectrum:

A degenerate neutrino can be obtained with ansatz F = c0I .

[Ioannisian, Valle(1994); Lee, Mohapatra(1994)]

Further, the departure from degeneracy is induced by type-I seesaw.

We do the numerical analysis to check the viability of such ansatz with

entire fermionic spectrum.

Results :
Best fit solution: χ2 = 6.0

(All observables (except ms , mb) are fitted within 1σ)

Predictions: mo = 0.36 eV, sin2θ13 = 0.036, CPV Phases=(−25o ,138o ,−33o)

The obtained fit in the type-II case is however not as good as in the case

of pure type-I seesaw.
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CONCLUSION

Obtaining a unified description of vastly different patterns of quark and

lepton spectra is challenging. This becomes more so if neutrinos are

quasi-degenerate.

It is possible to obtain such description in general SO(10) model with

1 dominant type-I seesaw mechanism supplemented with proper

ansatz.

2 mixture of type-II and type-I seesaw mechanisms.

Such ansatz are capable of explaining the entire fermionic spectrum and

not just quasi-degenerate neutrinos.

The origin of large lepton mixing angles is linked to the quasi-degenerate

structure of neutrinos providing yet another reason why quark and

leptonic mixing angles are so different in spite of underlying unified mass

structure.
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